We use continuum theory to show that chirality is a key thermodynamic control parameter for the aggregation of biopolymers: chirality produces a stable disperse phase of hexagonal bundles under moderately poor solvent conditions, as has been observed in in-vitro studies of F-actin [O. Pelletier et al., Phys. Rev. Lett. 91, 148102 (2003)]. The large characteristic radius of these chiral bundles is not determined by a mysterious long-range molecular interaction but by in-plane shear elastic stresses generated by the interplay between a chiral torque and an unusual, but universal, non-linear gauge term in the strain tensor of ordered chains that is imposed by rotational invariance.
The structural integrity of cells depends on long, semiflexible biopolymers-such as filamentous actin (F-actin), microtubules, and intermediate filaments-that make up the cytoskeleton. The controlled assembly and disassembly of these polymers is central to the division, development, and locomotion of cells [1] . In-vitro studies of their thermodynamic, structural, and elastic properties have contributed importantly to our understanding of the physical mechanisms that underlie the functioning of the cytoskeleton. For example, F-actin filaments adopt characteristic structural motifs inside cells: open, branched networks and filament bundles [2] . Growing networks play an important role during cell spreading while dense bundles are a necessary component of cellular force generation (stress fibers) and cell protrusions (e.g. microvilli and stereocilia). Networks and bundles appear as separate regions in the phase diagram of solutions of actin proteins and linkers under in-vitro conditions, [3, 4, 5, 6] and much is now understood about the function of specialized linker proteins in the structural organization of actin filaments. Interestingly, even nonstructural biopolymers like DNA [7] can exhibit these morphologies in solutions with generic linker units, such as polyvalent ions.
The observation of stable biopolymer bundle aggregates poses an interesting puzzle. Equilibrium solutions of (charged) rods of fixed length are predicted to form networks at low linker concentrations [8] . Beyond a critical linker concentration, cylindrical aggregates should form without a limit on their diameter: bundles can grow in size until the supply of free rods is depleted. Explanations for the observed finite size of the bundles have focused on the possibility of long-range interactions [9] , on kinetic limitations to the bundle size [10] , and on assembly defects of toroidal-shaped biopolymer aggregates [11] . A recent study [12] of fluorescently labeled F-actin mixtures has cast doubt on these explanations: non-toroidal bundles were found to maintain a well-defined, fixed diameter-in the range of 40-100 nmthat was greatly in excess of the electrostatic screening length even when filament exchange between and along different bundles was rapid.
It is the aim of this Letter to argue that chirality is a key thermodynamic control parameter for biopolymer bundle aggregation. Chirality already is well known to play a determining role for the phase diagram of soluble chiral biopolymers. It is, for example, responsible for both the cholesteric liquid crystal and the "blue" phases of concentrated DNA solutions [13] . Here, we show that chirality also plays a key role for biopolymers in poor solvent conditions: in the presence of chirality, a stable disperse phase of twisted, finite-sized bundles appears, separating the bulk aggregation phase from the single filament (or network) phase. The large characteristic dimensions of these chiral bundles is not determined by a mysterious long-range molecular interaction but, instead, by in-plane shear elastic stresses generated by the competition between a chiral torque and a non-linear gauge term appearing in the strain tensor for ordered chains.
To demonstrate these claims, we will not construct an explicit model of F-actin based on specific assumptions about molecular structure, instead, we will rely on symmetry arguments to construct the generic free energy of a hexagonal bundle of chiral, semi-flexible polymers of fixed length, L, where chains can slide freely along the local hexagonal axis. Deformations of the array are described by the in-plane chain displacement field u ⊥ (r ⊥ , z) of chains located at r ⊥ (in the plain) as a function of height, z. Local chain-tangent unit vectors are given by t ≃ 1 + ∂ z u ⊥ and local curvature of the chains is given by κ = |∂ 2 z u ⊥ |. The rotationally-invarient in-plane strain tensor of the array is determined by u ⊥ through
where indices refer only to in-plane directions. The first three terms are familiar from the classical theory of the elasticity of two-dimensional solids. The last term is a gauge term imposed by the chain connectivity: a uniform rotation of the chains away from the bundle axis reduces their mutual perpendicular separation, generating strain [14] . The elastic strains captured by the gauge contribution to u ij play a special role in the following. The deformation energy is the sum of an in-plane energy H ⊥ that depends only on this strain tensor. For a chiral bundle with hexagonal symmetry, H ⊥ can be expanded to second order in u ij as:
plus an out-of-plane term H t that can be expanded to second order in t as [15] :
The in-plane and out-of-plane contributions to the deformation energy are linked, both by the relation t ≃ z + ∂ z u ⊥ between the tangent vector and the in-plane displacement, and by the non-linear gauge term that appears in the strain tensor eq. (1). In the conclusion we will discuss estimates for the Lamé constants λ ⊥ and µ ⊥ and the Frank constants K 1,2, 3 . In what follows we assume, K 3 ≫ K 1,2 . Below we focus on bundles of variable radius R and fixed length L, such that L ≫ R. The term K 2 P −1 (∇ ⊥ × t) z has the form of an external torque that tends to twist a bundle. We will show elsewhere that the resulting in-plane displacement field can be represented, to a very good approximation, by a pure torsional deformation where each cross-section of the bundle is rotated by rigid-body rotation over a certain angle with respect to the sections above and below it (see Fig. 1 ). Near the cross-section at z = 0 , such a torsional displacement field can be written as:
to second order in the torsional strain, Ω . The deformation energy per unit volume E elast (R, Ω) for given Ω and bundle radius R can be obtained by inserting eq. (4) into H ⊥ and H t :
Here,μ ⊥ = 25µ ⊥ /216,K 2 = 2K 2 ,K 3 and γ = 2K 2 /P (we have assumed the array to be incompressible). We assume the magnitude θ = ΩR of the strain to be small compared to one, as we are neglecting higher-order terms in H ⊥ . The last three terms of eq. (5) result from a straightforward evaluation of (3) while the first term, which is non-linear and dominates for large R, is the shear stress produced by the gauge term in eq. (2). Figure 1 shows the physical origin of this term. Chains far from the central axis are increasingly tilted away from the bundle axis by the torsional strain field, leading to compression of the local hexagonal packing of chains along direction,r × t. The term, −γΩ, in eq. (5) acts as a chiral contribution to the aggregation energy density of the rod, with the first three terms the unavoidable energy penalty associated with chiral aggregation. There is, of course, a conventional achiral contribution as well to the aggregation energy density, which we denote as −ǫ. For K 2 ≪ K 3 , the elastic energy is minimized by a torsional strain that depends on the bundle size as
, where λ 3⊥ = K 3 /μ ⊥ is an important characteristic length. The total free energy of the bundle is the sum of the elastic energy eq. (5)-with Ω = Ω 0 (R) -the achiral aggregation energy and a surface energy associated with the reduced binding energy of filaments located on the surface of the bundle exposed to solution:
Here, f 0 = 3π(γ 4 /16μ ⊥ ) 1/3 and Σ is the surface energy per unit area.
Under conditions of thermodynamic equilibrium, the fraction P (R) of chains that will aggregate into bundles of radius R-the cluster size distribution-in chemical equilibrium with the surrounding solution follows the Boltzmann distribution [17] :
Here, µ the chemical potential of filaments and ρ 0 the area density of chains. In the L → ∞ limit, this cluster size distribution is dominated by the minima of ∆F (R). Near the point of bulk condensation-when µ < ∼ µ c ≡ −ǫL/ρ 0 -and for large surface energies, the only minimum is an R = 0 boundary minimum for which ∆F = 0, corresponding to individual chains in solution or small clusters with an exponential size distribution. As the FIG. 2: The dependence of the free-energy of a chiral bundle on bundle radius, R, for the columnar phase of aggregates at the bulk condensation point (µ = µc). When surface tension is greater than Σc the free-energy minimum occurs for R = 0 (single filaments). For Σ ≤ Σc the minimum occurs at a finite radius, R0 ≥ λ 3⊥ . The inset shows the phase diagram for the columnar phase of aggregates as function of filament chemical potential and surface tension.
surface energy is reduced, a second minimum develops at R = R 0 (Σ) with a width δR ∝ L −1/2 . For large L, an appreciable fraction of the chains can only condense into the clusters associated with this minimum provided that ∆F (R 0 ) − µρ 0 πR 2 0 < 0, otherwise the boundary minimum at R = 0 dominates the distribution. Hence, a thermodynamically stable disperse phase occurs when the surface energy drops below a critical value Σ c . When µ = µ c , Σ c is given by:
For Σ < Σ c , ∆F (R 0 ) is negative and the second minimum entirely dominates the cluster distribution function in the large L limit, and this corresponds to the stable dispersed phase of bundles (see Fig. 2 ). The peak position shifts to values larger than λ 3⊥ as the surface energy is decreased, and in the limit of low surface energies it grows as R 0 ∼ γ 4 /μ ⊥ Σ 3 . Thus, λ 3⊥ corresponds to a minimum bundle size at the bulk condensation point. Note that this minimum bundle size is determined by the non-linear contribution to the elastic energy, and it diverges in theμ ⊥ → 0 limit. Away from the bulk condensation point, for µ < µ c , the minimum in ∆F (R) − µρ 0 πR 2 is reduced by the bulk free-energy penalty, leading to reduction of the critical surface tension. Sufficiently far from the bulk condensation point we find a critical surface tension, Σ c ≃ f
The phase behavior of columnar aggregates is shown in Figure 2 (inset) .
If the aggregate adopts full three-dimensional positional order, then chains cannot slide past each other and a new term determined by the out-of-plane shear modulus µ must be added deformation energy density:
whereμ = µ /4 and we have here dropped the term proportional toK 2 . This new term is actually familiar from the classical theory of elasticity. It is the strain energy density of an elastic rod under uniform torsion [18] .
In the physical range, where the magnitude of the elastic strain θ = ΩR must be less than one, the new harmonic termμ θ 2 dominates-forμ ≈μ ⊥ -over the anharmonic termμ ⊥ θ 4 that previously played such a central role. The form of P (R) for a bundle in the solid phase is somewhat more complex, but the key features can be illustrated by analyzing the limit of large R.
If we minimize only the harmonic (first) and chiral (last) terms of eq. (9) with respect to Ω, then the optimal strain and the minimum energy density depend on R as θ 0 (R) ≃ γ/2μ R and E elast ≃ −γ 2 /2μ R 2 , respectively, where we must demand R ≫ γ/μ in order for θ ≪ 1. The two anharmonic terms,K 3 θ 2 /R 2 andμ ⊥ θ 4 , are then both small compared to −γ 2 /2μ R 2 for large R. However, in this regime the lowest order term contributes only the negative constant, −πγ 2 /2μ , to ∆F (R). While this constant is important in terms of competition of chiral aggregates with individual filaments, it alone leads to no preferred bundle size. Thus, to harmonic order, elasticity theory of three-dimensional chiral polymer solids predicts no maximum in P (R) . However, if we include anharmonic corrections, for sufficiently low surface energies and near to bulk condensation (µ > ∼ µ c ), then there is a negative minimum ∆F (R), and thus a dominant maximum in
Importantly, in both hexagonal-columnar and hexagonalsolid phases, preferred bundle sizes are only possible if the effects of anharmonic elasticity are taken into account.
To be clear, our approach is generic, relying on symmetry arguments to dictate the form of the elastic energy of ordered chains, rather than a detailed, microscopic description of intermolecular forces between biopolymers. Nevertheless, in order to apply the continuum theory to F-actin bundle formation, we need estimates for the elastic moduli and the Frank constants for realistic biopolymer bundles in solution. For a bundle held together by linker units-proteins, cations, etc.-the Lamé constants λ ⊥ and µ ⊥ can be crudely estimated to be of order ∆E/ℓd 2 , with ∆E ∼ 1 − 10k B T the binding energy per linker unit, ℓ the spacing between linkers along the polymer backbone, and d ∼ 1 − 10 nm a typical molecular length (e.g., the spacing between the chains). The respective Frank constants K 1 and K 2 for splay and twist will be estimated as ∆E/ℓ . The Frank constant for bend is determined not primarily by linkers, but by the bending stiffness of the individual chains
2 with ℓ p the persistence length. For F-actin ℓ p is of the order of 10 µm so indeed K 3 ≫ K 1,2 for F-actin filaments as claimed earlier. Given these estimates, the minimum size of bundles in the hexagonal columnar phase at the onset of aggregation, λ 3⊥ ∼ dℓ p ∼ 100 nm, indeed is of the order of the observed bundle size [12] . The surface energy will be estimated by Σ ∼ ∆E * /ℓd, where, in general, ∆E * can be less than ∆E, for example, when surfactants are absorbed on the bundle surface. The ratio Σ c (µ c )/Σ is of order (d/P ) 4/3 (d/λ 3⊥ ) 1/3 ∆E/∆E * . When the disperse columnar phase is stable, this parameter must be be larger than one. Disperse bundles are thus stabilized by reduced persistence lengths, by the action of surfactants, and by a short preferred chiral pitch P , preferably on the order of molecular scales. For large persistence lengths, the radius of disperse bundles with solid order scales as
p , which is considerably reduced in comparison to the scaling of minimum size for columnar bundles,
p . This indicates the radii of solid bundles is much less than that of the columnar phase, owing to the increased resistance to torsion [19] .
Confirmation of the description presented in this paper demands the observation of torsion in bundles of chiral biopolymers by microscopy. Cryo-AFM images of F-actin filaments by Shao et al. provided the first clear evidence of twisting [20] . More recently, Ikawa et al. carried out a careful AFM study of F-actin filaments for different Mg 2+ ion concentrations [21] . For low Mg 2+ ion concentration, a network is observed which breaks up into braided bundles of a small number of filaments at increased linker concentrations. Finally, synchrotron X-ray studies of F-actin bundles show small but clear deviations from perfect hexagonal packing [3, 6] , which would be consistent with the anharmonic chiral strain discussed in this paper. The combination of these observations and the theoretical analysis of the present paper we believe provides mounting evidence for chirality as a determining factor for the formation of thermodynamically stable F-actin bundles of finite size.
We conclude by noting that the present analysis did not allow for the possibility of topological defects. Kamien and Nelson [22] (KN) showed that an infinite hexagonal columnar array of strongly chiral polymers is unstable against break-up into finite-sized regions of localized double-twist. In this so-called "moiré phase", doubletwisting bundles are arranged in a triangular lattice, with neighboring bundles meeting along a tilt-grain boundary, necessary to accommodate the mismatch in chain orientation between adjacent bundles. The size scale ξ m of the bundle is determined by the repulsive energy between screw dislocations along the grain boundary and the intrinsic torsional stress as discussed in the present paper. We speculate that the KN moiré phase could be viewed as the result of bundle-bundle aggregation produced at low surface energy. As Σ is decreased, and the equilibrium bundle size R 0 approaches ξ m from below, individual merge, hiding surface exposed to unfavorable solvent contact by introducing localized grain boundaries where neighboring bundles meet. Alternatively, we may view the moiré phase as a precursor to the chirality-induced break up of the hexagonal columnar phase. In a future study, we aim to extend our analysis to the more general case including screw dislocations as well as to the case of the toroidal geometry observed for bundles of long DNA.
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